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The intersecting pedestrian flow on the 2D lattice with random update rule is studied. Each pedestrian has
three moving directions without the back step. Under periodic boundary conditions, an intermediate phase has
been found at which some pedestrians could move along the border of jamming stripes. We have performed
mean field analysis for the moving and intermediate phase respectively. The analytical results agree with the
simulation results well. The empty site moves along the interface of jamming stripes when the system only has
one empty site. The average movement of empty site in one Monte Carlo step (MCS) has been analyzed through
the master equation. Under open boundary conditions, the system exhibits moving and jamming phases. The
critical injection probability αc shows nontrivially against the forward moving probability q. The analytical
results of average velocity, the density and the flow rate against the injection probability in the moving phase
also agree with simulation results well.
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I. INTRODUCTION
Since serious trampling accidents always happen, pedes-
trian flow attracts more and more attention in recent years
[1, 2]. Understanding the properties of pedestrian flow is im-
portant for the design of urban facilities, traffic management
and ensuring people’s safety. Pedestrian dynamic has been
studied in various fields including physics, engineering and
mathematics. Many basic and interesting phenomena such as
jamming, clogging, and lane formation have been observed
[1–4].
There are two main approaches for the study of pedestrian
dynamics [1]. The first one is designing experiment or ob-
serving the real scenario through video [5–10]. The other one
is to describe the pedestrian flow by developing the delicate
models. These models include macroscopic and microscopic
ones. These macroscopic models are related to the traditional
theory of fluid mechanics, etc [1, 11]. Henderson had com-
pared measurements of pedestrian flows with Navier-Stokes
equations [12].
Microscopic models include social force, optimal velocity,
cellular automata, lattice gas model, etc. In some of these
models such as the social force and optimal velocity models,
continuous time and space have been adopted [1, 3, 8, 13–15].
While some others are placed in a discretized time and space,
such as cellular automata and lattice gas models [16–22].
The intersecting pedestrian flows are complex because of
conflicts between two flows with different directions. A num-
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ber of field experiments on real intersecting pedestrian flows
with four different angles have been conducted by Guo et al.
[23]. At the same time, a semi-continuous model has been
developed and calibrated using sample data. Lian et al. [24]
have conducted a series of controlled experiments of a four-
directional intersecting pedestrian flow. The average local ve-
locity at high densities in the cross area is a bit larger than
the previous study. Muramatsu et al. have investigated the
jamming transitions of pedestrian flow at a crossing under the
periodic [16] and open boundary conditions [17] by the lattice
gas model, respectively. Hilhorst et al. have studied a lattice
model of pedestrian traffic on two crossing one-way streets
[25]. Its dynamics employs the frozen shuffle update. Cividini
et al. have explained stripe formation instability and revealed
that the diagonal pattern actually consists of chevrons rather
than straight diagonals [26, 27].
The perpendicular traffic flow on two-dimensional lattice
has been investigated by Biham et al. (BML ) using the cel-
lular automaton model [28]. Except the moving and jamming
phase, D’Souza have found an intermediate stable phase with
free-flowing regions intersecting at jammed wave fronts in the
original BMLmodel [29]. Ding et al. have studied an stochas-
tic BML model with random update rule (BML-R) [30]. A
phase separation phenomenon has been observed when the
slow-to-start effect in the BML model is considered [31].
Almost all of the models presented above are random-
sequential, sublattice-parallel or parallel while the model with
random update procedures is scarce. Since the pedestrians al-
ways behave randomly in real life, the model with random
update procedures is considered in this paper. This paper in-
vestigate effects of the random update procedures on the prop-
erties of the stationary state of intersecting pedestrian flows.
An intermediate phase where some pedestrians move along
the border of jamming stripes was found. The average ve-
2locity of the moving and intermediate phase have been ana-
lyzed through the mean filed analysis. The analytical results
are in good agreement with the simulation ones. The empty
site moves along the interface of jamming stripes when the
system only has one empty site. The average movement of
the empty site in one MCS was analyzed through the mas-
ter equation. The critical injection probability αc under open
boundary conditions shows nontrivially against the forward
moving probability q.
This paper is organized as follows: The models are intro-
duced in Section 2. In Section 3, we compare the analytical
results with simulation ones under periodic and open bound-
ary conditions, in 3.1 and 3.2, respectively. Section 4 gives
the conclusions.
II. MODEL
There are two species of pedestrians distributed randomly
on a 2D square lattice L × L with the same densities. As
shown in FIG. 1 each pedestrian moves to the preferential di-
rection with no backstep. The first (second) type of pedes-
trian is eastbound (northbound), E pedestrian (N pedestrian)
for short. For example, the E pedestrian could move to the
eastward, northward and southward site while the N pedes-
trian could move to the northward, eastward and westward
site. The pedestrians exclude each other on a site. Thus, each
lattice site can be in one of three states: empty, occupied by
the E pedestrian, or occupied by the N pedestrian.
Under periodic boundary conditions, the following steps
are repeated L2 times in one Monte Carlo step (MCS): (i)
one site is selected randomly; (ii) if the selected site is empty,
nothing happens; otherwise, if the selected site is occupied by
the E pedestrian, the nearest east, south and north neighbor-
ing site are chosen as target site with probabilities q, (1− q)/2
and (1 − q)/2, respectively; otherwise, if the selected site is
occupied by the N pedestrian, the nearest north, east and west
neighboring site are chosen as target site with probabilities q,
(1− q)/2 and (1− q)/2; (iii) the pedestrian moves to the target
site unless it is occupied.
Under open boundary conditions, the E (N) pedestrians are
injected with probability α on the west (south) boundary and
removed with probability β on the other three boundaries. At
the southwest corner, the E or N pedestrians are injected with
probability α/2.
III. RESULTS
A. Periodic boundary
1. Simulation results
The lattice size is set as 100 × 100 unless otherwise men-
tioned. For each density, we simulate 100 runs. The result of
each run is obtained after discarding the first 106 MCSs (as
transient time) and averaged in the next 105 MCSs.
q
(1-q)/2
(1-q)/2 q
(1-q)/2 (1-q)/2
FIG. 1: Illustration of the intersecting pedestrian flow at a crossing.
The E and N pedestrians are represented by the solid and open cir-
cles, respectively .
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FIG. 2: The average velocity of each run against the pedestrian den-
sity ρ as q = 0.5, 0.6, 0.7, 0.8, 0.9 for the lattice size 100 × 100.
The average velocity v of each run against the pedestrian
density ρ for q = 0.5, 0.6, 0.7, 0.8, 0.9 are shown in FIG. 2.
The average velocity v is defined as the average directed dis-
tance divided by the MCS. When q = 1, our model reduces
to the BML-R model [30]. One can see that two phases could
be observed, i.e., the moving and intermediate phase. In the
moving phase, all pedestrians can move. In the intermediate
phase, the average velocity becomes a non-negligible small
value v > 0 instead of v = 0. There is a range of densities
in which the two phases coexist and we denote the center of
this range as ρc. One can see that with the increase of q, the
critical density ρc decreases.
The three typical configurations for the intermediate phase
are shown in FIG. 3. Some pedestrians are stopped at the
interior of the cluster (stripe) while others could move along
the border of the jamming stripes from the lower left to the
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FIG. 3: Three typical configurations of the intermediate phase.
The parameters are L = 100, and (a)q=0.6, ρ=0.2,(b)q=0.6, ρ=0.7,
(c)q=0.8, ρ=0.7,(d)q=0.6, ρ=0.9. The E pedestrian is indicated by
blue and the N pedestrian is indicated by red.
upper right corner. With the increase of density and q, the
number of stripes in one row (column) increases (see FIG.
3(b) and (c)).
2. Analytical result of moving phase
We have developed a mean field analysis for the average
velocity in the moving phase by extending the method of ref-
erence [30]. The E (N) pedestrian could move to the east, the
north or the south (the north, the east or the west) site with
different probabilities. If we have selected a site occupied by
the E (N) type of pedestrian, then the probability that its east
(north) site is empty is assumed to be p f , while the probability
that its north or south (west or east) site is empty is assumed
to be ps.
In order to calculate these p f and ps, 21 situations have
been considered as shown in FIG. 4(a). The dashed arrows
represents the target pedestrian. Since the symmetry of the
model, the target pedestrian is restricted to the E pedestrian.
The solid arrows ↓ (← ) only represents the E (N) pedestrian
moving south (west). The dark and empty box represent a
pedestrian and an empty site, respectively.
The left side of each subfigure is the existence probability
of the corresponding situation at the current time. The right
side is the situation that the target pedestrian could move when
is chosen again. The moving probability of the target pedes-
trian when is chosen again is shown in the subfigures G, H, I
and J respectively.
We explain the subfigures A1, A3, B1, D1, H and G in de-
tail. Other situations could be obtained similarly.
Subfigure A1:
On the left side of subfigure A1, q is the probability that
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FIG. 4: The illustration of the mean field method. The dashed arrows
represents the E pedestrian. The solid arrows ↓ (←) only represents
the E (N) pedestrian moving south (west). The dark, empty and gray
box represent a pedestrian, an empty site and a site which is either
empty or occupied, respectively.
4the target pedestrian moves east and (1− p f ) is the probability
that the east site ofd is occupied so thatd could not move
in the current time step. If the target pedestrian wants to move
to the east site successfully when it is chosen again, its east
site must be empty. The probability that the east site of d
becomes empty is shown in the subfigure H.
Subfigure H:
The left side of subfigure H is the configuration at the end
of the current time of subfigure A1. On the right site of H1,
the three terms in [· · · ] corresponds to that of east, north-east
and east-east site, respectively.
The first (1/2) in the first [· · · ] is the probability that the east
site ofd is occupied by the E pedestrian, the second (1/2) is
the probability that the E pedestrian is chosen before d is
chosen again, (1 − q)(1/2) is the probability that the E pedes-
trian moves south and ps is the probability that the south-east
site of d is empty. So that [(1/2)(1/2)(1 − q)(1/2)ps] is the
probability that the east site ofd becomes empty first.
The (ρ/2) in the second [· · · ] is the probability that the
northeast site of d is occupied by the E pedestrian, (1 −
q)(1/2)(1/2) is the probability that the E pedestrian in the
northeast site is chosen and moves south befored is chosen
again. Similarly, (ρ/2)(1 − q)(1/2)(1/2) in the third [· · · ] rep-
resents that the east-east site is occupied by the N pedestrian
and it moves west befored is chosen again.
Thus [1−(ρ/2)(1−q)(1/2)(1/2)][1−(ρ/2)(1−q)(1/2)(1/2)]
is the probability that none of the pedestrian at the northeast
or east-east site moves to the empty east site ofd. So the east
site of d remains empty after the pedestrian in the east site
moves out.
The probabilities in subfigures H2 and H3 could be ob-
tained similarly. Since the east site could be occupied by
either the first or the N pedestrian in subfigure H2. Thus
(1/2)(1/2)qp f and (1/2)(1/2)(1 − q)(1/2)ps in the first [· · · ]
corresponds to that of the N pedestrian and E pedestrian, re-
spectively.
Subfigure A3:
Similarly, on the left of subfigure A3, q is the same as that
of A1, p f is the probability that the east site of d is empty
so that d could move in the current time step, (1 − ρ) is the
probability that the east-east site of d is empty. If the tar-
get pedestrian wants to move to its east-east site successfully
when it is chosen again, the east-east site must remain empty.
The probability that the east-east site stays empty is shown in
the subfigure G.
Subfigure G:
The left side of subfigureG is the configuration at the end of
current time of subfigures A3. On the right side of subfigure
G, the three terms in [· · · ] corresponds to that of east-east,
north-east sites and south-east site, respectively.
The (ρ/2) in the first [· · · ] is the probability that the
east-east site of d is occupied by the N pedestrian. (1 −
q)(1/2)(1/2) is the probability that the N pedestrian in the
east-east site is chosen and moves west before d is chosen
again. Similarly, the second [· · · ] corresponds to that of north-
east sites.
Since the south-east site could be occupied by either the
E pedestrian or the N pedestrian. Thus (ρ/2)q(1/2) and
(ρ/2)(1 − q)(1/2)(1/2) in the third [· · · ] corresponds to the
N pedestrian and the E pedestrian, respectively.
Thus [1-(ρ/2)(1 − q)(1/2)(1/2)][1-(ρ/2)(1− q)(1/2)(1/2)][1-
(ρ/2)q(1/2)-(ρ/2)(1− q)(1/2)(1/2)] is the probability that none
of pedestrians moves to the east site ofd befored is chosen
again.
Subfigure B1:
On the left side of subfigure B1, (1−q)(1/2) is the probabil-
ity that the E pedestrian moves north. (1− ps) and (1− p f ) are
the probabilities that the north and east site of ↑ are occupied,
respectively. So that ↑ could not move in the current time step.
If the target pedestrian wants to move to the east site success-
fully when it is chosen again, the east site must be empty. The
probability that the east site becomes empty is also shown in
the subfigure H.
Other subfigures:
The subfigures D1 ∼ D3, E1 ∼ E3 and F1 ∼ F4 are sim-
ilar to the subfigures A1 ∼ A3, B1 ∼ B4 and C1 ∼ C4 re-
spectively. On the left side of subfigure D1, (1 − q)(1/2) is
the probability that the E pedestrian moves north and (1 − ps)
is the probability that the north site of ↑ is occupied so that
↑ could not move north in the current time step. If the target
pedestrian wants to move to the north site successfully when it
is chosen again, the north site must be empty. The probability
that the north site becomes empty is shown in the subfigure J.
The meanings of the terms in J are similar to that of H.
Since the E pedestrian can move east when it is chosen
again in the situation A1 ∼ A3, B1 ∼ B4 and C1 ∼ C4 and
north in D1 ∼ D3, E1 ∼ E3 and F1 ∼ F4 , thus we have
following two equations :
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FIG. 5: The comparison of the simulation results with the mean field
analysis for the moving phase. The dashed lines are analytical results
and black squares are simulation ones. The average velocity < v >
are the average of 100 runs for each density. (a)q=0.6, (b)q=0.7,
(c)q=0.8, (d)q=0.9.
The average velocity can be obtained from p f ,
< v > = qp f . (3)
FIG. 5 compares the simulation results with the analytical
results. One can see that the analytical results are in good
agreement with the simulation results, which proves that our
analytical method is effective.
3. Analytical results of intermediate phase
We have developed two methods to analyse the average ve-
locity v in the intermediate phase. As shown in FIG. 6, the
solid circle represents the E pedestrian, whose coordinates are
(i, j). Then its east, north and south neighbors’ coordinates
are (i + 1, j), (i, j − 1) and (i, j + 1),respectively.
The master equation (4) is used in the first method
j-1
i-1 Barrier
(b)
Barrier
(a)
i
j+1
j
i+1
(1-q)/2
(1-q)/2
q q
(1-q)/2 (1+q)/2
FIG. 6: The 2D model in the intermediate phase is transformed into
the 1D model, which is similar to that of reference [32–34].
d < τ(i, j) >
dt
= {q < τ(i−1, j)(1 − τ(i, j)) >
+(1 − q)(1/2) < τ(i, j−1)(1 − τ(i, j)) >
+(1 − q)(1/2) < τ(i, j+1)(1 − τ(i, j)) >}
−{q < τ(i, j)(1 − τ(i+1, j)) >
+(1 − q)(1/2) < τ(i, j)(1 − τ(i, j−1)) >
+(1 − q)(1/2) < τ(i, j)(1 − τ(i, j+1)) >}
= 0, (4)
where τ(i, j) = 0 or 1 is the occupation number at site (i, j).
τ(i, j) = 1 means that site (i, j) is occupied while τ(i, j) = 0
means empty. < · · · > represents an average with respect to
all the microstates. The terms q < τ(i−1, j)(1 − τ(i, j)) >, (1 −
q)(1/2) < τ(i, j−1)(1 − τ(i, j)) > and (1 − q)(1/2) < τ(i, j+1)(1 −
τ(i, j)) > represent a flux into site (i, j). While q < τ(i, j)(1 −
τ(i+1, j)) >, (1−q)(1/2) < τ(i, j)(1−τ(i, j−1)) > and (1−q)(1/2) <
τ(i, j)(1 − τ(i, j+1)) > represent a flux out of site (i, j).
Since the jamming stripes are oriented along the diagonal
direction, < τ(i, j−1) >≈< τ(i−1, j) > and < τ(i, j+1) >≈< τ(i+1, j) >
are assumed. Equation (4) becomes
6d < τ(i, j) >
dt
= (1 − q)(1/2){< τ(i+1, j) > (1− < τ(i, j) >)
− < τ(i, j) > (1− < τ(i−1, j) >)}
+(1 + q)(1/2){< τ(i−1, j) > (1− < τ(i, j) >)
− < τ(i, j) > (1− < τ(i+1, j) >)}
= 0. (5)
where the approximation < τiτi+1 >=< τi >< τi+1 > is used.
From equation (5) one can see that flux only occurs among
sites (i, j), (i − 1, j) and (i + 1, j), ie., the horizontal direc-
tion. The two dimensional model (FIG. 6(a)) is reduced to
one dimension model (FIG. 6(b)). The density distribution of
intermediate phase in one row (column) is similar to that of
reference[32–34].
Therefore equation (6) can be obtained by solving equation
(5),
< τi+1 > =
2 < τi > +2q < τi >< τi−1 >
2 < τi > +1 − q
, (6)
in which the label j is taken off. The density of each site
< τi > could be obtained by the iteration of equation (6). The
densities of the first and second site adopt < τ0 >= 0 and
< τ1 >→ 0 respectively for the beginning of iteration. The
average eastward movement for the 1D lattice in one MCS v1
could be calculated by the following equation
v1 =
∞∑
i=1
q < τi > (1− < τi+1 >). (7)
There are ns × L 1D lattice for the E pedestrian and the N
pedestrian respectively when the system has ns stripes. The
average velocity of the intermediate phase is
v =
nsLv1
(ρ/2)L2
. (8)
The second method uses the results of reference [32, 33] for
the 1D lattice in FIG. 6(b),
p(τ1, · · · , τi, · · · , τL) =
1
Z
∏
i
(
q′
1 − q′
)iτi
=
1
Z
(
q′
1 − q′
)
∑i=L
i=1 iτi
=
1
Z
e
ln(
q′
1−q′
)
∑i=L
i=1
iτi
, (9)
where p(τ1, · · · , τi, · · · , τL) denotes the probability density of
microstates (τ1, · · · , τi, · · · , τL) and Z is a normalization fac-
tor, such that the sum of p(τ1, · · · , τi, · · · , τL) over all allowed
configurations is 1. Here , q′ is the probability the pedes-
trian moving to the right while 1 − q′ to the left in the 1D
lattice. From FIG. 6(b), one can see that q′ = (1 + q)/2 and
1 − q′ = (1 − q)/2 in our model. The equation (9) becomes
p(τ1, · · · , τi, · · · , τL) =
1
Z
e
ln(
1+q
1−q
)
∑i=L
i=1
iτi
. (10)
Since the exclusion property of particles, the density of each
site satisfies the Fermi distribution
< τi > =
1
e
−(i−u)ln(
1+q
1−q
)
+ 1
, (11)
where µ ≫ 0. When (i − µ) in equation (11) is substituted by
i, i.e. < τi >=
1
e
−(i)ln(
1+q
1−q
)
+1
,then equation (7) becomes
v1 =
∞∑
i=−∞
q < τi > (1− < τi+1 >). (12)
Since
∞∑
i=−∞
f (i) =
∞∑
i=−∞
∫ ∞
−∞
f (x)δ(x − i)dx
=
∫ ∞
−∞
f (x)
∞∑
i=−∞
δ(x − i)dx
=
∫ ∞
−∞
f (x)
∞∑
m=−∞
e2piimxdx
=
∞∑
m=−∞
∫ ∞
−∞
f (x)e2piimxdx, (13)
then
v1 =
∞∑
m=−∞
∫ ∞
−∞
e2piimxq < τ(x) > (1− < τ(x + 1) >)dx.
(14)
Compared to the term m = 0 in equation (14), other terms
m , 0 could be neglected. Thus
v1 ≈
∫ ∞
−∞
q < τ(x) > (1− < τ(x + 1) >)dx
≈
1 − q
2
. (15)
Substituting equation (15) into equation(16), the average
velocity of the intermediate phase is
v =
nsLv1
(ρ/2)L2
=
ns(1 − q)
ρL
. (16)
FIG. 7 compares the simulation results with the mean field
results. One can see that the analytical results are in good
agreement with the simulation results. As shown in FIG. 3(d),
when the density is in the high density region of the interme-
diate phase, the jamming stripes meet and merge with each
other, which makes equation (16) not suitable. One can see
that with the increasing of q, the density where multi stripes
begin to appear decreases.
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FIG. 7: The comparison of the simulation results with the mean field
analysis for the intermediate phase as q=(a) 0.6, (b) 0.8 for the lattice
size 100 × 100. v is the average velocity of each run.
4. The analytic result when the system only has one empty site
When the system has only one empty site, the model can
be seen as the random walk of the empty site on the 2D lat-
tice. However, a self-organized pattern with stripes along the
diagonals from the upper-right to the lower-left corners was
observed (see FIG. 8(a)). FIG. 8(b) shows the moving trajec-
tory of the empty site in 10, 000 MCS. One can see that the
empty site moves along the interface of jamming stripe. Next,
we analyse the average movement < vmov > of empty site in
one MCS. As shown in FIG 9(a), according to the neighbors’
states of empty site, there are 16 possible configurations, i.e.
S a
1
∼ S a
16
. The probabilities of configurations S a
1
∼ S a
16
are
denoted as p1 ∼ p16 , respectively.
We develop an analytical method to solve p1 ∼ p16. The
evolution process of S a
1
is shown in FIG. 10(a). One can see
that S a
1
can be evolved from three configurations S c
1
, S c
2
and
S c
3
. The corresponding transition probabilities are q, (1− q)/2
and (1−q)/2, respectively. While S a
1
can also evolve into other
three configurations S d
1
, S d
2
and S d
3
. The corresponding tran-
sition probabilities are q, (1− q)/2 and (1− q)/2, respectively.
Thus, the master equation for configurations S a
1
is
dp1
dt
= [pS c
1
q + pS c
2
(1 − q)(1/2)+ pS c
3
(1 − q)(1/2)]
−[p1q + p1(1 − q)(1/2) + p1(1 − q)(1/2)]
= 0, (17)
where pS c
1
, pS c
2
and pS c
3
are the probability of configurations
S c
1
, S c
2
and S c
3
, respectively.
From FIG. 10(b) one can see that the configurations S c
1
is
composed of S b
1
and S e
1
. We assume that
pS c
1
= pS b
1
p(S c1|S
b
1) ≈ pS b1
pS e
1
, (18)
where pS b
1
and pS e
1
are the probabilities of configurations S b
1
and S e
1
, respectively.
As shown in FIG. 9(b), S b
1
represents that the south neigh-
bor of the empty site is the N pedestrian and the other three
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FIG. 8: (a) The typical configuration when the system only has one
empty site as q = 0.6 ; (b) The moving trajectory of empty site in (a).
The blue (red) represents the E (N) pedestrian, and the gray indicates
the trajectory of the empty site.
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FIG. 9: (a) Sixteen typical configurations of the empty site’s neigh-
bors. − (|) represents the E (N) pedestrian. (b) Eight typical con-
figurations of the empty site’s neighbors. The solid box represents a
pedestrian which is either the E pedestrian or the N pedestrian.
neighbors can be the E pedestrian or the N pedestrian. There-
fore, the probability of S b
1
is the sum of the probabilities of
the eight typical configurations S a
1
, S a
2
, S a
3
, S a
5
, S a
6
, S a
9
, S a
10
and
S a
15
, i.e.,
pS b
1
= p1 + p2 + p3 + p5 + p6 + p9 + p10 + p15. (19)
These pS b
2
∼ pS b
8
can be obtained similarly.
Since the empty site moves diagonally along the interface
of jamming stripe, we propose a method to estimate pS e
1
. We
assume that the probabilities of the southwest (northeast) site
occupied by the E pedestrian and the N pedestrian are both
1/2. We assume the probability of the southeast, east-east
and south-south site occupied by the E pedestrian are both pR
E
while the probabilities for the N pedestrian are pR
N
. Similarly,
the probabilities of the northwest, west-west and north-north
site occupied by the E pedestrian are pL
E
, while the probabili-
ties for the N pedestrian are pL
N
. Thus, the probability of the
S e
1
is
81
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FIG. 10: (a) The evolution process of S a
1
. (b) The configurations S c
1
is composed of S b
2
and S e
1
. − (|) represents the E (N) pedestrian.
pS e
1
≈
1
2
pRN p
R
N . (20)
From FIG. 9(b) and FIG. 10(b), one can see that pR
N
approx-
imately equals the probability of S b
2
, i.e., pR
N
≈ pS b
2
. Similarly,
pR
E
, pL
N
and pL
E
approximately equal pS b
6
, pS b
4
and pS b
8
respec-
tively. The four probabilities are shown in equation (21)
pLE ≈ pS b8
= p5 + p9 + p10 + p11 + p13 + p14 + p15 + p16;
pLN ≈ pS b4
= p1 + p2 + p3 + p4 + p6 + p7 + p8 + p12;
pRE ≈ pS b6
= p3 + p6 + p8 + p10 + p12 + p13 + p15 + p16;
pRN ≈ pS b2
= p1 + p2 + p4 + p5 + p7 + p9 + p11 + p14.
(21)
Substituting equations (18)-(21) into (17), we have
dp1
dt
= [
1
2
pr2p
r
2pS b1
q +
1
2
pr2p
r
2pS b2
1 − q
2
+
1
2
pl2p
l
2pS b4
1 − q
2
] − [p1q + p1
1 − q
2
+ p1
1 − q
2
]
= [
1
2
(p1 + p2 + p4 + p5 + p7 + p9 + p11 + p14)
2(p1 + p2 + p3 + p5 + p6 + p9 + p10 + p15)q
+
1
2
(p1 + p2 + p4 + p5 + p7 + p9 + p11 + p14)
3 1 − q
2
+
1
2
(p1 + p2 + p3 + p4 + p6 + p7 + p8 + p12)
3 1 − q
2
] − [p1q + p1
1 − q
2
+ p1
1 − q
2
] = 0. (22)
The equations for p2 ∼ p16 can be obtained similarly. How-
ever, note that only fifteen of the sixteen equations are inde-
pendent ones.
The conservation of probability requires that
16∑
i=1
pi = 1. (23)
Now, we have sixteen equations for the sixteen variables.
We cannot obtain analytical result of the equations. Instead,
we can obtain numerical result.
The average movement of empty site < vmov > in one MCS
can be calculated from p1 p16
< vmov > = p1(q + 2
1 − q
2
) + p2(q + 3
1 − q
2
) + p3(q +
1 − q
2
) + p4
3(1 − q)
2
+ p5(2q +
1 − q
2
) + p6(q + 2
1 − q
2
)
+p7
4(1 − q)
2
+ p8
2(1 − q)
2
+ p9(2q + 2
1 − q
2
) + 2p10q + p11(q + 2
1 − q
2
) + p12
3(1 − q)
2
+p13(q +
1 − q
2
) + p14(q + 3
1 − q
2
) + p15(2q +
1 − q
2
) + p16(q + 2
1 − q
2
). (24)
FIG. 11 compares the simulation results with the analytical results. One can see that the analytical results are in approxi-
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FIG. 11: The average movement of the empty site in one MCS
< vmov > against q. The solid and open squares are analytical and
simulation results respectively.
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FIG. 12: Phase diagram of the model under open boundary condi-
tions for lattice size L = 100 .
mate agreement with simulation ones. This is due to that the
correlation among the neighbors of empty site. More effective
methods are needed for the probability of S e
1
, etc.
B. Open boundary
FIG.12 shows the phase diagram under open boundary con-
ditions when q = 0.5, 0.7, 0.9. Similar to the result of refer-
ence [30, 34], there are two phases, i.e. the moving phase and
the jamming phase.
Three typical configurations for q = 0.7 are shown in the
FIG. 14. The typical configuration of the moving phase is
similar to that of the periodic boundary condition, where the
pedestrians are randomly and uniformly distributed on the lat-
tice (see FIG. 14(a)). When approaching the boundary of jam-
ming phase, the jamming state begins to emerge in the system.
The jamming region expands gradually and the system is al-
most fully occupied by pedestrians (see FIG. 14(c)). Different
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FIG. 13: (a)The simulation results of ρc and f1 against q as α =
0.045, β = 1 and L = 100. (b) αc ≈ ρc/ f1 and αc of FIG.12 against q
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FIG. 14: Three typical configurations of the model with open bound-
ary conditions at q = 0.7. The parameters are L = 100, β = 1.0 and
(a) α = 0.01,(b) = 0.056, (c) α = 0.2. The E pedestrian is indicated
by blue and the N pedestrian is indicated by red.
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FIG. 15: The global density, the average velocity and the flow in the
moving phase at (a) q = 0.7,(b) q = 0.9 and β = 1. The simulation
results for the global density, average velocity < v > and flow are the
average of 100 runs.
from the result of reference [30], the shape of jamming region
becomes diamond. Because the E (N) pedestrian can move
out from the up (right) boundary (see FIG. 14(b)).
From FIG.12, one can see that the critical injection proba-
bility αc increases firstly then decreases with the increase of q.
The explanation is as follows. As shown in FIG.15, the den-
sity increases almost linearly with α, i.e., ρ ≈ α ∗ f1(q). When
α increases to αc, the density exceeds ρc of period bound-
ary condition and the jam happens, i.e., αc ≈ ρc(q)/ f1(q).
FIG.13(a) shows the simulation results of ρc and f1 against
q. One can see that both ρc and f1 decrease with the increase
of q. However the decline rates are different. The decline rate
of f1 is greater than that of ρc when q < 0.8, while smaller
when q > 0.8. The αc ≈ ρc/ f1 shown in FIG.13(b) agrees
with αc of FIG.12 qualitatively.
We study the global density ρ, the average velocity < v >
and the flow J in the moving phase. Because of the conserva-
tion of flow, the flow in the bulk equals the inflow; i.e.
J =
ρ
2
qp f = α(1 − ρ). (25)
Combining the equations (1)-(3) and (25), we obtain the ρ
and< v > for each α and q. Then the flow can be calculated by
using equation (25). The analytical results are shown in FIG.
15 and are in good agreement with the simulation results.
IV. CONCLUSION
In this paper, the intersecting pedestrian flow on two-
dimensional lattice has been studied. Under periodic bound-
ary condition, the intermediate phase in which some pedes-
trians could move along the border of jamming stripes were
observed. The density where multi stripes begin to appear
decreases with the increase of q. We have developed a mean
field analysis for the moving phase by extending themethod of
[30]. The analytical results agree with the simulation results
well. The average velocity of intermediate phase was obtained
by the analytical result of a 1D model, which agree with the
simulation results well. When the system has only one empty
site, the averagemovement in oneMCS was obtained bymean
field analysis. There is a little deviation between the simula-
tion and analytical result because of the correlation among the
pedestrians. More accurate methods will be developed in the
future work.
Under the open boundary conditions, the moving phase and
jamming phase were observed. The shape of jamming region
changes into diamond. The critical injection probability αc
shows nontrivially against q. The analytical results for the
flow rate, average velocity and density in the moving phase
were obtained and agree with the simulation results well.
The analytical methods in the paper could be generalized to
the parallel updating models. The model also can be extended
to other complex environment such as the subway, classroom.
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